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Abstract We investigate the validity of Huygens’ principle for forward propagation in the massless Dirac-
Weyl equation. The principle holds for odd space dimension n, while it is invalid for even n. We explicitly
solve the cases n = 1, 2 and 3 and discuss generic n. We compare with the massless Klein-Gordon equation
and comment on possible generalizations and applications.
PACS. 03.65.Pm Relativistic wave equations
1 Introduction
Every point on the wave front of a propagating wave is a source of secondary wavelets, which spread forward at the
same speed as the source wave. The wave front at later times is then given by the surface tangent to the secondary
wavelets. This principle was proposed by Christiaan Huygens in 1678, to explain the laws of reflection and refraction.
It was used again more than a century later, in 1816, by Augustin-Jean Fresnel, to interpret the diffraction effects
that occur when visible light encounters slits, edges and screens.
The principle provides crucial insight into the nature of wave propagation and it is a milestone in the physics of
undulatory phenomena [1]. For this reason, its universal validity is usually taken for granted. However, yet one century
later, Jacques Hadamard noticed that Huygens’ principle is valid only when waves propagate in an odd number n of
spatial dimensions, with the notable exception of n = 1 [2].
The mathematical formulation of the principle is embodied in the explicit formulas that give the solution of the
Cauchy initial value problem for the wave equation. The solution at time t and position x is expressed as an integral
that involve the wave and its derivative at time t = 0. For odd n ≥ 3, the integration domain is a (traveling) surface.
For even n, the integration domain is a volume, enclosed by a traveling surface. Take for example as initial condition
a Dirac delta function at the origin in homogenous space. For odd n ≥ 3, the solution at time t is non-vanishing on a
sphere of radius r = ct, c being the speed of propagation; for even n the solution at time t is non-vanishing in a ball
of radius r = ct. This is the reason why we hear a sound only once, but we observe a “decaying trailing edge” when
we throw a stone in a pond. The beautiful mathematical details of these phenomena were discussed by Hadamard
by making use of his “method of descent” for solving partial differential equations. It has been used since to solve a
variety of differential equations and Cauchy initial value problems [3,4].
Both quantum mechanics and quantum field theory make use of wave equations in their formulation. It is therefore
interesting to ask whether Huygens’ principle holds for the seminal equations that are the backbone of these theories.
The Schro¨dinger equation, being non-relativistic and intrinsically dispersive, does not admit a satisfactory formulation
of this question. What about the Dirac equation?
The aim of this article is to discuss the validity of the Huygens’ principle for the Dirac equation. This problem
was investigated in the mathematical literature, where general results were given, for different dimensionality [5,6,
7]. Our objective is twofold: we will discuss the problem in terms of the propagator (in the position and momentum
representations) and will endeavor to analyze the physical features of wave propagation in terms of its singularities,
highlighting the differences between even and odd space dimensions. This article contains also a tutorial part, whose
objective is to bridge the gap between the approach we adopt, based on the Green function, and the use of initial
conditions (Cauchy problem for homogeneous differential equations). For the sake of clarity, we shall always give the
explicit solutions.
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We shall focus on wave propagation forward in time, so that the Dirac equation will be considered at the classical
level. Information on forward propagation is encoded in the retarded Green functions, and is fully characterized by the
treatment of its singularities. Unlike Feynman’s choice, that emerges in quantized field theories and that we plan to
analyze in a future article, the retarded choice propagates both the positive- and negative-energy parts of the initial
condition forward in time. We will restrict our analysis to the massless case and will find that the Dirac-Weyl equation
inherits the main features of the Klein-Gordon wave equation with the notable difference that Huygens’ principle is
valid also for n = 1. We will give general arguments, valid for all n, and explicit expressions for n ≤ 3.
2 Massless Klein-Gordon and Dirac-Weyl equations
We will work in n space dimensions, with x = (xµ) = (t,x), the index µ running from 0 (time) to n (space), and
(pµ) = (p0,p). Einstein summation convention over repeated indices is implied, and ~ = c = 1. Let GR be the
propagator of the massless Klein-Gordon (KG) equation
∂µ∂µGR(x) = GR(x) = −iδ(x), (1)
where the subscript R stands for “retarded”, propagating signals forward in time. Here and in the following, (∂µ) =
(∂t,∇), and indices are raised and lowered by the metric tensor (ηµν) = (ηµν) = diag(+1,−1, . . . ,−1). The Fourier
transform of (1) reads
GR(x) =
∫
dn+1p
(2pi)n+1
e−ipµx
µ i
pµpµ + i sgn(p0)
(2)
where sgn(k) = 1 for k > 0 and −1 for k < 0, and one finds
GR(x) = −i
∫
dnp
(2pi)n
sin(pt)
p
eip·x θ(t), (3)
with θ the Heaviside step function and p := |p|.
Consider now the massless Dirac equation in n+ 1 dimensions
i/∂ ψ = iγµ∂µψ = 0, (4)
where the gamma matrices obey Clifford’s algebra
{γµ, γν} = 2ηµν . (5)
We shall only consider the massless case, in which the Dirac equation splits into uncoupled (Weyl) equations. The
retarded Dirac propagator, satisfying
i/∂DR(x) = iγ
0δ(x) (6)
generally reads [8]
DR(x) = i/∂γ
0GR(x), (7)
where γ0 has been introduced for convenience. This formally shows that, if the boundary conditions are properly
handled, the Dirac propagator inherits the main features of its KG counterpart. Since this is not the Feynman
prescription for the propagator [8,9], let us give the explicit expression:
DR(x) =
∫
dn+1p
(2pi)n+1
e−ipµx
µ i/pγ0
pµpµ + i sgn(p0)
=
∫
dnp
(2pi)n
eip·xe−i(γ
0γ·p−i)t θ(t), (8)
where
e−iγ
0γ·pt = cos(pt)− iγ
0γ · p t
p
sin(pt). (9)
This expression is valid for all n.
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3 Forward propagators and initial value problem
The retarded Green functions that satisfy equations like (1) and (6) can generally be used to find the particular
solutions of inhomogeneous equations. In the Dirac case, the equation
i/∂ψ(x) = j(x), (10)
with j a given external source, is solved by
ψ(x) = ψh(x)− i
∫
dn+1yDR(x− y)γ0j(y), (11)
with i/∂ψh(x) = 0. However, since the Dirac equation is first-order, the forward propagator is useful also in the solution
of initial value problems. If one is interested in the solution of the free Cauchy problem i/∂ψ(x) = 0ψ(0,x) = ψ0(x) (12)
at t > 0, then one can associate to ψ the auxiliary function ψ˜(x) = ψ(x)θ(t), coinciding with the solution at the times
of interest, and satisfying the inhomogeneous equation
i/∂ψ˜(x) = iγ0ψ0(x)δ(t), (13)
whose general solution has the form (11), with j(x) = iγ0ψ0(x)δ(t). Moreover, since from Eq. (8)
lim
t→0+
DR(t,x) = δ(x), (14)
no solution ψh of the homogeneous equation is needed to match the initial condition, and
ψ˜(t,x) = ψ(t,x)θ(t) =
∫
dnyDR(t,x− y)ψ0(y) (15)
coincides with the (unique) solution of the Cauchy problem (12) for t > 0.
Before explicitly looking at the cases n = 1, 2 and 3, let us comment on the relation with the Feynman propagator.
The retarded Green’s function DR in Eq. (15) propagates any initial spinor ψ0(x) forward in time. On the other
hand, only positive-frequency components are propagated forward a` la Feynman: thus, if the initial spinor is made of
positive-frequency components only, Feynman and retarded propagation are indistinguishable for t > 0.
3.1 1+1 dimensions
We shall look at this case in some detail, as it serves as an introduction to the techniques illustrated in Secs. 2-3
and it gives results that are at variance with Klein-Gordon. Let γ0 = σ3 and γ1 = −iσ2, where the σ’s are the Pauli
matrices. The Dirac equation (4) is written in terms of a two-component spinor ψ and its propagator is a 2× 2 matrix
D
(1)
R , where the superscript labels the space dimension.
Since (xµ) = (t, x) for n = 1, one easily gets
D
(1)
R (t, x) =
(
∂0 ∂1
∂1 ∂0
)
iG
(1)
R (t, x) =
1
2
(
δ(x+ t) + δ(x− t) δ(x+ t)− δ(x− t)
δ(x+ t)− δ(x− t) δ(x+ t) + δ(x− t)
)
(16)
by direct computation from (8). This clearly shows that Huygens’ principle is valid, a result already known in the
matematical literature [6]. It is interesting to look at the expression of the time-evolved Dirac field. One obtains from
Eq. (15)
ψ(t, x) =
∫
dyD
(1)
R (t, x− y)
(
φ0(y)
χ0(y)
)
=
1
2
(
(φ0 + χ0)(x+ t) + (φ0 − χ0)(x− t)
(φ0 + χ0)(x+ t)− (φ0 − χ0)(x− t)
)
, (17)
where φ0 and χ0 are the initial conditions of the two-component spinor.
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This result is seemingly in contrast with the solution of the massless KG equation, reading
φ(t, x) =
1
2
(f(x+ t) + f(x− t)) + 1
2
∫ x+t
x−t
g(y)dy, (18)
with initial conditions φ(0, x) = f(x) and ∂tφ(t, x)|t=0 = g(x), where Huygens’ principle is not valid due to the
1D volume integral [the last addendum in (18)]. The relation between the structure of the solutions (17)-(18) and
Huygens’ principle, valid only for the Dirac equation, can be unveiled in two alternative ways. First, consider two
solutions φ1 and φ2 of KG, expressed in the form (18) through pairs of functions (f1, g1) and (f2, g2), respectively.
The two-component object Φ = (φ1 φ2)
T is generally not a solution of massless Dirac equation. However, the spinor
ψ(t, x) = /∂Φ(t, x) =
(
∂tφ1(t, x)− ∂xφ2(t, x)
∂xφ1(t, x)− ∂tφ2(t, x)
)
(19)
satisfies at the same time the Dirac equation and Huygens’ principle, since it depends only on the values of the
one-variable functions f ′j(x± t) and gj(x± t), with j = 1, 2, on the light cone.
An alternative way to understand the emergence of light-cone propagation in passing from KG to Dirac is the
equivalence between the Dirac equation for the spinor ψ = (ψ1 ψ2)
T and two KG equations for its components, with
initial conditions ψj(0, x) = ψ
0
j (x) and
∂tψ1(t, x)|t=0 = ∂xψ02(x), ∂tψ2(t, x)|t=0 = ∂xψ01(x). (20)
Thus, out of the four independent functions needed to define the Cauchy problems for the two spinor components
obeying the KG equation, there are only two that can be chosen independently, in order to satisfy the Dirac equation.
Moreover, the initial time derivatives coincide with spatial derivatives, which simplifies the bulk integral in (18) into
a difference of functions on the light cone.
3.2 2+1 dimensions
In two spatial dimensions, the Dirac matrices can be chosen as γ0 = σ3, γ1 = −iσ2 and γ2 = iσ1 and the Dirac spinor
is again 2-dimensional. The forward propagator in momentum space reads
e−iγ
0γ·pt =
(
cos(pt) (ip1 + p2) sin(pt)p
(ip1 − p2) sin(pt)p cos(pt)
)
, (21)
while its Fourier transform can be expressed as
D
(2)
R (t,x) =
(
∂0 ∂1 − i∂2
∂1 + i∂2 ∂0
)
iG
(2)
R (t,x) (22)
where
G
(2)
R (t,x) = −i
∫
d2p
(2pi)2
sin(pt)
p
eip·x = −i
∫ ∞
0
dp
2pi
J0(pr) sin(pt), (23)
with r = |x| = √(x1)2 + (x2)2 and J0 a Bessel function of the first kind. The integral can be evaluated by adding
small imaginary parts ±i to time t: in the limit → 0, it reads
G
(2)
R (t,x) =
−i
2pi
√
t2 − r2 θ(t− r). (24)
Notice that contributions outside the light cone are canceled by antisymmetry in t due to the choice of a forward
propagator (see also the discussion in the general case). Thus, being derivatives of G
(2)
R , all the matrix elements of
the propagator D(t,x) are characterized by a bulk contribution proportional to (t2 − r2)−3/2θ(t − r) and a surface
contribution proportional to (t2 − r2)−1/2δ(t − r), which compensates the singularity of the first term. Therefore
Huygens’ principle is not valid, due to the bulk contribution arising from the Heaviside function.
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3.3 3+1 dimensions
In three spatial dimensions, one can use the Weyl representation of the Dirac matrices
γ0 =
(
0 12
12 0
)
, γi =
(
0 σi
−σi 0
)
(25)
to decouple the massless Dirac equation into a pair of Weyl equations for two-component spinors. The forward propa-
gators of the upper and lower components are related to each other by Hermitian conjugation. In particular, the upper
components are evolved in momentum space by the 2× 2 matrix
eiσ·pt =
(
cos(pt) + ip3 sin(pt)p (ip
1 + p2) sin(pt)p
(ip1 − p2) sin(pt)p cos(pt)− ip3 sin(pt)p
)
, (26)
that, in position representation, reads
D
(3,up)
R (t,x) =
(
∂0 + ∂3 ∂1 − i∂2
∂1 − i∂2 ∂0 − ∂3
)
iG
(3)
R (t,x). (27)
In the n = 3 case, the integral
G
(3)
R (t,x) = −i
∫
d3p
(2pi)3
sin(pt)
p
eip·x = − 2i
(2pi)2r
∫ ∞
0
dp sin(pr) sin(pt) (28)
determines all the matrix element of the massless Dirac propagator. By observing the symmetry of the integrand in
p = |p| (again, a peculiar feature of the forward propagator) and excluding the possibilities t < 0 and r < 0, one gets
G
(3)
R (t,x) =
−i
4pir
δ(t− r). (29)
In this case, the presence of both e±ipt terms in the integrand cancels the principal value contributions that would
arise if only the positive- or negative-energy parts were considered. Integrating by parts, one can observe that the
solution at a time t is fixed by the values of the initial spinor components and of their spatial derivatives on the light
cone. Huygens’ principle is therefore valid.
4 General considerations on the n+ 1 case
For general space dimensions n ≥ 2, the massless KG propagator can be expressed as an integral over a finite segment
in the auxiliary variable ζ [4]:
G
(n)
R (t,x) = θ(t)
Γ
(
n+1
2
)
pi
n+1
2
lim
ε→0+
∫ t−iε
−t−iε
dζ
ζ
(r2 − ζ2)n+12
, (30)
where Γ is the Gamma function and r = |x|. (This formula can also be written for n = 1, but care must be taken in
handling the singularities at r = 0.) This expression, plugged into Eq. (7), yields the Dirac forward propagator. For
arbitrary n, if r > t, the integrand has no singularity on the real axis, and the propagator vanishes by symmetry as
ε→ 0. The different nature of the singularities on the segment [−t, t] determines the “locality” of the propagator: for
odd n, two poles are present at ζ = ±r, while for even n, ζ = ±r are the branching points of two cuts on the real
axis, that extend to ±∞. The different behavior is represented in Fig. 1. The action of /∂ in Eq. (7) does not modify
this fundamental property, and clarifies why Huygens’ is valid in the massless Dirac equation for odd n(≥ 3), but it
is not valid for even n.
The case n = 1 stands out as an important difference. In this case, it is most convenient to start from Eq. (2), to
obtain
G
(1)
R (t, x) = θ(t)
∫
dp
2pi
∫ t
−t
dζ
2i
e−ip(ζ−x) = − i
2
θ(t)[θ(t− x)− θ(−t− x)]. (31)
As one can see, the massless KG propagator has bulk contributions. However, the action of /∂ (that involves ∂0 and
∂1) transforms them in boundary terms, as in Eq. (16), restoring the validity of Huygens’ principle. This remarkable
circumstance does not occur for even n. In this case the theta function is multiplied by (t,x)-dependent factors, as in
Eq. (24), that make the bulk contribution survive the action of the derivatives, making Huygens’ principle invalid.
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r
n  odd ζ
−r
t−iϵ−t−iϵ
r
n  even ζ
−r
t−iϵ−t−iϵ
Figure 1. Singularities of the propagator on the real axis, for even (top) and odd n (bottom), see Eq. (30). The arrow in the
integration segment (in blue) shows the direction of integration.
5 Conclusions
In this Article we discussed the features of propagation for the massless Dirac-Weyl equation. We found that Huygens’
principle is valid for odd spatial dimensions, while it is not valid for even spatial dimensions. Interestingly, the principle
remains valid even for the case n = 1 (at variance with the Klein-Gordon case). This is due to the fact that the relations
among the spinorial components of the wave function impose extra conditions on the initial-value problem, that enforce
Huygens’ principle to be valid also in this case.
We worked with retarded boundary conditions for the Green function, propagating solutions forward in time. This
option is particularly suited for the investigation of electron motion in graphene, close to Dirac’s points, where the
description via a two-component spinor wave function in two space dimensions is very effective [10,11]. There are
other interesting applications that one can consider, such as the quantum simulations of QED and in general lattice
gauge theories and low-dimensional quantum systems [12,13,14,15]. The differences between, say, n = 1 and 2, might
display interesting signatures of bulk vs boundary effects in the propagation of physical observables.
There are a number of problems that one can investigate in the future. One of these is the extension of these ideas
to the massive Dirac equation. Another interesting problem would be to unveil the effects of dimensionality when an
external field is introduced via the minimal coupling prescription. In general, this bears consequences on the way the
coupling to external classical fields is handled. Finally, an important open question is the relationship among Huygens’
principle, dimensionality and Feynman’s prescription for the propagator.
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